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2? ■ Abstract. Let A C y be a proper subset of the vertices V of the 

^— ^ I defining graph of an irreducible and aperiodic shift of finite type 

^SJ i i^A' '^)- ^^^ ^" t)e the union of cyhnders in S^ corresponding to 

t . ' the points x for which the first n-symbols of x belong to A and 

0^. let /i be an equilibrium state of a Holder potential ip on E^. We 

•^ I know that /^(A„) converges to zero as n diverges. We study the 

asymptotic behaviour of /z(A„) and compare it with the pressure 
of the restriction of (p to Sa- The present paper extends some 
results in [2] to the case when Ea is irreducible and periodic. We 
show an explicit example where the asymptotic behaviour differs 
from the aperiodic case. 
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Introduction 



The present work was triggered by our study of the convergence of 
certain hitting time processes to (marked) Poisson processes [2]. The 
general setup in the study of asymptotic time distributions for an er- 
godic dynamical system (fi, ju, T) is the following (see e.g. [T]). Usually 
CNj ■ one considers a sequence of measurable subsets -B„ with asymptotically 

t:j- ■ vanishing measure and one tries to study the asymptotic behaviour of 

^ . the random variables: 

9: Tn{uj) = inf{fc^l: T'{u)eBn} 

when suitably rescaled. The rescaling is necessary since in general 
Tn{uj) -^ OO for /i-almost every u. The most studied case is when Q is 
5^ \ equipped with a partition and Bn = Bniuj) are cyhnder sets about a 

generic point a; of /i (so that n„i?„ = u). It turns out that ^{Bn) is 
the right scaling factor to obtain, for "sufficiently" mixing systems, a 
convergence to a Poisson law for the point process associated with the 
random variables fi{Bn)Tn. The reader can find a list of references in 
e.g. [2j. We were interested in the case where the intersection of the 
BnS is a non-trivial invariant set. In [2] we consider the case where 
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that intersection is a subsystem of finite type of a shift of finite type. 
This is closely related with the so-called Pianigiani-Yorke measures [3] . 
More precisely, the setup is as follows. Let A C V be a proper 
subset of the vertices V of the defining graph of an irreducible and 
aperiodic shift of finite type (Sj^,T). This induces a subsystem of fi- 
nite type which we denote by Sa. Let A„ be the union of cylinders 
in E^ corresponding to the points x for which the first n-symbols of x 
belong to A. Note that Ea = n„^o A„. Now let /i be an equilibrium 
state of a Holder potential </) on E^. We know that /i(A„) converges 
to zero as n diverges. In |2] we assume that Ea is an irreducible and 
aperiodic subshift of finite type. Then we prove that the point process 
corresponding to the times of hitting A„ scaled by /i(A„) converges 
to a (marked) Poisson point process. In that paper, we study the as- 
ymptotic behaviour of /i(A„) and compare it with the pressure of the 
restriction of (p to Ea, call it Pa- We show that e^^^^^^-^-^Vl^n) 
has a limit (which can be identified) as n ^ oo. In the present pa- 
per we extend some results in [2] to the case when Ea is irreducible 
but periodic. This extension turns out to be non-trivial since, in gen- 
eral, e"^^^'^^~^'^''/i(A„) may not converge as n — > cxo, contrarily to the 
aperiodic case. Indeed, we provide an explicit example where this phe- 
nomenon appears. 

1. Preliminaries 

Let V = {1, ...,£} be a finite set of sjTubols (i.e. the base alphabet). 
We will assume that A is an aperiodic 0-1 i x i matrix which defines 
the allowable transitions in a directed graph Q of labelled vertices V. 
Define the space of one-sided allowable paths in the graph Q by 

E+ = {x = (xn) e V^ : A(x,_i, Xi) = 1 , Vz ^ 1} . 

The space Ej^ is compact and metrisable when endowed with the Ty- 
chonov product topology (generated by the discrete topology on V). 
The shift T (of finite type) is the map T: Ej^ -^ E^ defined by 
T{x)n = a;„+i for all n ^ 0. This map is continuous and surjective. 
The cylinders, denoted by 

C[io, . . . , im]k = {x eT.\: Xj+k = ij , W j = 0, . . . ,m} , 

form a base of open (and closed) sets in T,\. Let C(J2\) denote the 
space of complex valued continuous functions on Ejj. For ip G C(Ej^), 
consider vaXniip) = sup{|^(x) — ilj{y)\: Xi = yi, i ^ n}. Given 
< ^ < 1, define \1p\0 = sup {vaiCn{4')/d"'}- The space J-'d' = {ip G 
C(EJ^): \1lj\0 < 00} is a Banach space when endowed with the norm 
, + \ip\e, where || ■ ||oo denotes the supremum norm. The 
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union JF = Ug jFg is referred to as the space of Holder continuous func- 
tions on Sjj. 

Let if G J^^ be a real valued function. Define the transfer operator 
h^ acting on J^q by 

Ty=x 

The operator L^ has a maximum positive eigenvalue e^^'^\ which is 
simple and isolated. Furthermore, the rest of the spectrum is contained 
in a disc of radius strictly less than e^^'^^ (cf. [S], [!])■ The number 
P = P{<f) is called the pressure of if. There is a unique T-invariant 
probability measure n = n^p such that 

P{ip) = h{fi) + (pdfi , 

where h{fi) denotes the measure-theoretic entropy of iT,fi). The pres- 
sure P{(p) can also be characterised as the maximum of h{m) + J (p dm 
over all T-invariant probabilities m. The measure fi is called the equi- 
librium state of (f. An eigenfunction w of L^ corresponding to e^^"^^ 
may be taken to be strictly positive, in fact one may take w to be the 
function 

w = lim e-"-f'('^)L"(l) , 

where 1 denotes the constant function equal to 1. Replacing ip by 
ip' = ip — P (ip) + \og{w) — \og{woT) , we see that L^/1 = 1 and P{p') = 0. 
In this case we say that p' is normalised. It is easy to see that p and 
ip' have the same equilibrium state /j,. In what follows we will assume 
that p) is normalised. Note that in this case the transfer operator L^ 
satisfies 



ipi ■ {ip2°T) d/i = L<^(V'i) ■■ip2dn, 



forallV^,Vi,V'2GC(S+). 

Let A C V be a sub-alphabet such that A 7^ V. Consider the closed 
T-invariant subset Sa C T,\ given by 

Sa = {x G S+: Xi G A, Vi ^0} . 

In this paper we will consider only the case when Ea is an irreducible 
subshift of finite type in its alphabet A. This means that the restriction 
of the matrix A to the symbols of A defines a matrix Aa which is 
irreducible. In particular, the restriction of the shift transformation T 
to Sa is topologically transitive in the induced topology from Ejj. 
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Let (^A denote the restriction of </? to the subsystem Sa- Let Pa 
be the pressure of tp/^ with respect to the subsystem (Ea,T). (Note 
that since (p is assumed to be normahsed we have P{^) = 0, therefore 
Pa < 0.) Let fi^ denote the equihbrium state of ipA with respect to the 
subsystem (Sa,T). Let w/\ be the strictly positive Holder continuous 
function defined on Sa by 

(1) WA = hm e-"^-L;^(l). 

Now define the restricted transfer operator L^ acting on the space of 
Holder continuous functions JF^*" by 

L^ijj = L^{^ ■ Xa) ' 
and consider the subset of S^ given by 

(2) Za = {x G S+ : 3 6 G A , A{b, xo) = 1} . 

Note that since A is irreducible and aperiodic in the full alphabet V, 
Za is a non-empty finite union of cylinder sets of Sj. In particular, 
since \i is fully supported on Yj\ we have ii{Za) > 0. 

An improvement to main result of [3|, which is proved in [2], gives 
the following result. 

Proposition 1. There exists a unique Holder continuous function Ha 
defined on the whole space T,\ such that 

LA{hA) = e^^hA , 

and Z^-aIsa — "^A; where wa is given by (QP- The function Ha is strictly 
positive on Za and it is zero on the complement Z\. Moreover, 

e-"^^il(^) - /lA / ^d^iA 

for alii) eC{j:\). 

The Borel measure ^^py defined by 

Hbpy{B) = hAdfi 
Jb 

for every Borel set B C Sj^ is called the Pianigiani-Yorke measure of 
the subsystem (T,a,T). This measure is fully supported on Za- 
The following is a result from |2] • 

Proposition 2. Let Ha be the function in PropositionUl We have 
lim e-^-f'^ /i(A„) = I hAdfi = fispri^A) ■ 



— ^ 

Jl^OO 
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2. The Periodic Case 

Let us consider the case when Sa is irreducible but periodic with 
period m > 1. In this case there exists a decomposition of A = 
AqU- ■ -UAm-i with the property that if i G A^, j G A^/ are given such 
that A{i,j) = 1 then necessarily s' = s+1 (mod m). This induces a dis- 
joint partition of Sa = f2o U ■ ■ ■ U fim-i such that T{Qs) = ^s+i (mod m), 
which is the so-called cyclically moving partition of S a • From the clas- 
sical Ruelle-Perron-Frobenius theory (cf. [5], |1]), we know that there 
exist non-negative Holder continuous functions W(),...,Wm-i defined 
on Ea, and mutually singular probability measure^ i/q, • • • , i^m-i with 
Uj supported on flj satisfying 

^VAi'^j) = e^"^ ^i+l (mod m) , 

and supp(wj) = Qj ior j = 0, . . . ,m — 1. Moreover, wa = J2T=o '^J ^^ 
strictly positive on Sa and 

m— 1 



j=0 -^ ^j 



— > 



for all ip G C(Sa)- Putting if) = 1 and replacing n by nm in the above 
expression, we note that w^ could have been defined uniquely by 

Wa = lim e"""^^^ L"?(l) > 

and then Ij^^{wa) = e^^ w^- Now we transfer these results from Ea 
to the whole space Ejj. Let Z^ be defined by (I2]). Since again Z^ is a 
non-empty finite union of cylinders of E^, we have ^{Z^) > 0. 
Define the constants dj by 



dj — / La(1) 'i^'j+l(modm) 5 

^j + l (mod m) 

for j = 0, . . . , m — 1, we see that dj > for all j. Define also the 
constants aj{k) by aj{0) = 1 and for 1 ^ A; ^ m — 1, 

fc-i 

aj[k) = e J_ J_ Wj+s (mod m) ; 

s=0 

for j = 0,...,r7i — 1. The next is our main result. 

Theorem 3. There exist a unique choice of non-negative Holder con- 
tinuous functions ho, ... , hm-i defined on the whole space Ej^ satisfying 

i^Ayhjj = e "'j + l(modm) ; 



In fact, lAj is the equilibrium state of the potential Sm{f) — X]"=o V°T'^ re- 
stricted to {Q,j,T'''^) and ^'j+i(modm) = '^j°T^^. 
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and hj\ci^ = Wj for j = 0, . . . ,m — 1. The function h^ = YlT=o ^j ^■^ 
strictly positive on Z/^ and it is zero on the complement Z\. Moreover, 
(3) 

m— 1 
j=0 



m—1 „ 

g-nPA£n (^^) - ^ aj{n (mod m)) /lj+„(modm) / V' dVj 






forall^eC{T.\). 

In particular taking if) = 1 and integrating the above expression with 
respect to ji we obtain 

Corollary 4. Let Sa he an irreducible and periodic subsystem of fi- 
nite type with period m. The sets A„ have the following asymptotic 
behaviour: 



TTt — 1 



— ^ 0. 



e"''-^^/i(A„) - ^ ajin (mod m)) / /ij+„(mod m) c^yU 
In particular, for each fc = 0,l,...,m — 1 we have 

lim e-(''+"™)-f'^;u(Afe+„„) = V aj(A;) hj+k {mod m) dfi . 

In Section H] we give an explicit example where the above numbers 
differ for different choices of k, which shows that e~^^^ fi{An) does not 
converge in general as n —>■ oo when Ea is periodic. 

3. Proof of Theorem [3] 

We recall some results from [3]. Let Cp{Ti\) be the set of strictly 
positive p-cylindrical functions (i.e. a function depending only on the 
first p coordinates of the point). Let < 6* < 1 be the Holder exponent 
of the potential ip. Let Za be defined as in ((2]). Let C{Z^) denote the 
set of continuous functions defined on Za- The proof of the following 
Lemma can be obtained from Appendix C in [2j . 

Lemma 5. For any f G Uj,^iC+(Sj^), we have 

(i) {e""^'^ L'^f}n^o is a Cauchy sequence in C(Sj^) ; 

(ii) /lA = lini — „ does not depend on the function f E 

n^oo J f dfiA 

Up^iCp(T,\) and it satisfies 

iA(/iA) = e^^hA- 
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Although not exphcitly mentioned in P] , the function /ia is a Holder 
continuous function with the same Holder exponent of the potential y?. 
We also note that, since /i is fixed by the dual operator of L we have 

(4) / f.goT-df,= [ L:;{x^^ . f . goT-) df^ = [g.Ll{f)df,. 

Now consider the case when Ea is irreducible but periodic with pe- 
riod m > 1. Consider the decomposition of A = Aq U ■ • • U Am_i with 
the property that if z G A^, j G A^/ are given such that A{i,j) = 1 
then necessarily s' = s + 1 (mod m) . Consider also the corresponding 
cyclically moving partition Sa = ^q U ■ ■ ■ U fim-i such that T{Qs) = 
fis+i(modm), i-e. defining 

Vlj = {x G Sa: Xo G Aj} , 

for j = 0, . . . , m - 1. Let V^™^ be the sub-alphabet of V"" defined by 

V("^) = {(zo,...,z„-i)gF'": Zo^ >^n.-l in G} , 

where Q is the defining graph of Sj^. Consider the transition matrix 
jlim) indexed by V^"''^ x V^'^'^ given by 

v4("')((i0,...,Wl),(J0,---,jm-l)) = 1 if i,n-l^jo m G- 

Using the identification 

(5) {{Xo,...,Xm-i),{x.m,...,X2m-l),---) * ^ (Xq, Xi, X2, . . .) , 

the shift transformation T^ on S^(„) is naturally topologically conju- 
gate to T™ on S^. In what follows we will abuse the notation and 
freely identify these transformations and spaces. 

The normalised potential </? on S^ naturally defines a potential ip^"^'' 
on S+ „) by cp^""^ = Sm{^) = J^JJo V°T^ ■ Note that (^('"^ is a nor- 
malised potential for T^, i.e. 

v-)(i)(^) = E ^"'^'^'^ = 1' 

for all X G S'tj^j . Now the sub-alphabet A of V defines a sub-alphabet 
AM of V^™) by 

A^'-) = {(^o,...,Wi)G V^™); 2,gA, fors = 0,...,m-l}, 

and this sub-alphabet can be further decomposed into 

aJ.""^ = {(^0, • • • , im-i) G A^™) : is G A^+j (mod m) , for s = 0, . . . , m-1} 

for j = 0, ... ,771 — 1. The important fact is that for fixed j, S^ 
the subsystem of S^^^j obtained by taking transitions through A^*"^ is 
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irreducible and aperiodic in its alphabet A^*" . Hence the main result 
of [3] applies and we define a Holder continuous function hj by 

(7) h, = hm e-"^(4'"')L",„,(l), 

n— »oo '-^j 

where P(A"^ ) is the pressure of the restriction of y^'-™'-' to the subsystem 
Hj (hence P{Aj) = mPA for all j), and L (m)(^) = L^(m)(^-XA(™)) 

j 3 

with respect to the shift T^. From Lemma[S](ii) extended to continuous 
functions we obtain 

(8) lim e-"'"^^L",„,(V') = h, [ ^ du^ , 

n— >00 ^j Jy{m) 



for every tp G C(S^(„)) (with the limit being uniform), where Vj is the 

unique equilibrium state of </?'•''"•' restricted to the subsystem Sp with 
respect to the shift T^. 

In view of the identification ^ the function hj defines a function 
on ll\ in a natural way and Vj becomes a probability measure on E^ 
fully supported on Vtj. Note that hj is then strictly positive on 

Z^^ = {xeT.\: 36g Aj_i(modm), ^(&,a;o) = 1} , 



and it is zero on the complement Z^.. Note also that for each j, Z^. 
is a non-empty finite union of cylinders of Sjj, therefore in particular, 
/i(ZAj > 0. Applying La as 

La(V') {{Xo, ■■■, Xm-l), {Xm, ■■■, X2m-l) , • • • ) 

_ \ ^ ip'-"^'l{(i,Xo,...,Xm-2),{Xm-l,---,X2m-2),---) ^ 

{ieA: A{i,xo)=l} 

yyih Xq, . . . , Xm-2)j [Xm-l, • • • ; X2m-2) , • • • j ) 

we conclude that LaoL" (^j = L"(„) oLa- This implies that for all 

j J + 1 (mod m) 

k ^ 1 we have L^oL"(„) = L"(,„) oL^. Putting ijj = 1 in 1^ we 

j j-\-k (mod m) 

obtain, for fixed k ^ 1 and fixed ^ j < m, 

(9) 

Liih,) = lim e— ^-L^(L;,.,(1)) = lim e""™^- L^^^, (L^(l)) 



"■j+fc (mod m) / ^AK^J "-^j+k 



j ^ ^"-^ j + k (mod m) 

(mod m) 



j-\-k (mod m) 

Therefore defining the constants dj by 



dj — / La(1) '^'^i+l(modi 



- m) ) 
j-{-l (mod m) 
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for j = 0, . . . , m — 1, we see that dj > for all j and by © we have 

i-'Ayhj) = "j /ij+l (mod m) ) 

for all j. Since L^(/ij) = e"^^^ hj for each j, by © we also see that 

m— 1 



j=0 



1 - e 



At the end of this appendix we give an example where in general one 
has dj not necessarily equal to e^^. 

The function h/^ = YlT=o ^j i^ strictly positive on Z^ and it is zero 
on the complement Z^. (Note that Za = UY=oZ/^. and this union is 
not in general a disjoint union, see example below.) The function h^ 
also satisfies 

La(^a) = e'"^'^ /lA . 

Now, from the fact that 

»n— 1 

LA{m)(V^) = V L (™)(^) , 

and L. (m)oL. (m) = if j 7^ j', we see that 

m— 1 



L1(.)W = E^1<-)W 



J=0 



Using © we have, for fixed 1 ^ k < m, 
(10) 



m— 1 



^e-'=^-Li(e-"-^-L«(„)(^)) 
i=o 

m— 1 „ 

J2e-'''-Li{h,) / V^rf^, + o(l) 

m—1 k—l „ 

/ ^ (e" '^ 1 1 C?j+s (mod m) j /ij+fc (mod m) / V^ (iz/j + o(l) , 



j=0 s=0 

where we have used Lemma [5] (ii) for continuous functions and o(l) is 
with respect to n. Define the constants aj{k) by «j(0) = 1 and for 
1 ^ k ^ m — 1, 

fc-i 

CXjyKj e I I Uj-|_5 (mod m) ; 

s=0 
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for j = 0, . . . ,771 — 1. Therefore from fllUp we finally obtain 



m— 1 „ 

g-nPA£n (^^) - ^ aj{n (mod m)) hj^^ {mod m) / ^ duj 






j=0 

for all ip G C(SJ^), which concludes the proof of Theorem [3l 

4. Illustrative Example 

In this section we give an example to illustrate the computations 
made in the previous section. 

Example. Let V = {1, 2, 3} and consider the matrix A given by 

A 




Let ip be any normalised Holder continuous potential on Sj^, i.e. assume 
that 

L^(l)(x) = Yl ^"^'^^ = 1 ' 

{ieV: A(i,xo) = l} 

for all X G Sjj. Take A = {1,2}. Then S^ is the periodic orbit 
{(1,2, 1,2,...), (2,1, 

2, 1, . . .)}. Put ifAil, 2, 1, 2, . . .) = p and (/?a(2, 1, 2, 1, . . .) = q, and 
assume p ^ q. There is only one invariant measure for the restriction 
of the shift T on E^, namely 

(J'A = -{S1 + S2) , 

where 61 is Dirac measure at the point (1,2, 1,2, . . .) and 62 is Dirac 
measure at the point (2, 1, 2, 1, . . .). Since the shift entropy of /xa is 
zero, the restricted pressure Pa is then given by 



-Pa = hpAdjj^A = ^{p + q)- 



Notice now that (y9*^^^ = (f + ifoT when restricted to Ea is constant with 
value p + q. The pressure of the restriction of y?^^-' to Sa with respect 
to T^ is then given hj p + q = 2Pa- The set A is further decomposed 
into Aj_i = {i}, for z = 1,2, giving the cyclically moving partition 
Ea = fio U Qi, where Qq = {(1, 2, 1, 2, . . .)} and ^i = {(2, 1, 2, 1, . . .)}. 
Note then that T^ restricted to Ea consists of two fixed points. This 
implies that uq = 61 and I'l = 62, where Ui is the equilibrium state of 
y9*^^'' restricted to Vli with respect to T^. Applying [3] in the case of an 
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aperiodic subsystem consisting of a fixed point for T^ we have from ([7]), 
where Aj is defined by ([6]) and m = 2, 

h^ = hm e-2"^-L>(l), 

n— >oo '-^j 

for j = 0, 1. Interpreting this we conclude that for x G ^Aq = C[l]o U 
C[3]o we have 

ho{x) = hm exp{5'2„(v5)(l,2, 1,2, ...l,2,a;o,xi,...) -n(p + g)} 

2n 

= hm exp {S2n{^) ( 1, 2, 1, 2, . . . 1, 2, xq, Xi, . . . ) - S'2„(v2) (l, 2, 1, 2, . . . ) } , 

2n 

where Sk{f) denotes ip + (foT + ■ ■ ■ + (foT'^^^, and /iq is zero on the 
complement Z^^ = C[2]o. Also if a; G Za, = C[2]o U C[3]o then 

hi{x) = lim exp{5'2„(v?)(2,l,2,l,...2, l,a;o,xi,...) -n(p + g)} 

2n 

= lim exp {S2n{^) ( 2, 1, 2, 1, . . . 2, 1, xq, Xi, . . . ) - Sini^) (2, 1, 2, 1, . . . ) } , 

2n 

and hi is zero on the complement Z^ = C[l]o. (Note that ho and hi 
are both strictly positive on the cylinder C[3]o.) Now we compute the 
constants dj, for j = 0, 1. We have 

do = f LA(l)rfz/i = e^(^'2'^'2'-) = eP , and 
Jni 

di = [ LA{l)diyo = e^(2,i,2,i,...) ^ ^g _ 

This provides an example where dj ^ e^^ = e2^P^'^\ since we are 
assuming p ^ q. One can see directly that ho and hi satisfy 

La(^o) = dfihi = e^ hi and La(/?.i) = dih^ = e'^ ho . 

The function h^ = ho + hi satisfies La(^a) = ^'^^^ h^, and in the 
case of this example it is fully supported on Sj^. Now we compute the 
constants (yj{k) for j,k = 0,1. We have aj(0) = 1 for j = 0, 1, 

ao{l) = e-^^do = e-5(P+9)eP = e^^^"") , and 
ai{l) = e-^^di = e-5(P+5)e'? = e^^^-^K 
From ([3]) we conclude that 

-'^^'-L^(V^)-(ao(r^(modm))/^„(^odH^(l'2,l,2,...) 
+ ai{n (mod m)) /i„+i (mod m) ^(2, 1, 2,1,.. .) 
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for all ip e C(Sj^). An interesting fact is that, putting f = g = 1 in 
and putting ip = 1 in the above expression we have 



MA„) = [ dfi = [Ll{l)dfi 
Ja„ J 

= e^^^ fao(n(modm)) / Kijnod m)d^i 

+ ai{n (mod m)) / /i„+i (^od m) dfij + o{e''^^) . 



Therefore 



but 



lim e"^"-^^ /i(A2„) = ao(0) hodn + ai{0) hidn 

n~*oo J J 

= / (^0 + ^i) dfi = h/^d^ , 
lim e"(^"+^)-^^ /i(A2„+i) = ao(l) / /ii rf/i + ai(l) hodfx 

n^oo J J 

= e^(«-P) f hodfi + e'^^P-'^^ f hi dfi. 

The latter is not in general equal to j h/^dfx ii p ^ q (see explicit exam- 
ple below). Therefore lim„^oo e""^"^ yu(A„) may not exist in general. 
However, ii p = q then aj{k) = 1 for all j, k and then the limit is given 

by 

lim e""-^^ /i(A„) = h/^dfi . 

n— >oo / 

Note also that even when p ^ q there are choices of normalised potential 
if such that 

lim e-"^^fi{An) = e^^^-P) / /iq rf/x + e^^^-^) [ h^dfi = [ h^dfi . 
"^°° J J J 

For explicit examples of the above remarks, take for instance (p defined 

by (^|c[i]o — P S'^d V^lc[2]o — Q- Then necessarily Hq is equal to 1 on the 

cylinders C[l]o and C[3]o, and it is equal to on C[2]o. Similarly, hi is 

equal to 1 on C[2]o and C[3]o, and it is equal to on C[l]o. Therefore 



hAdf, = (/i(C[l]o) + /i(C[3]o)) + (/i(C[2]o) +/i(C[3]o)) 

= (l-MC^[2]o)) + (l-MC^[l]o)). 

Now the condition of if being normalised implies that the values of (p 
on the cylinder C[3]o is uniquely determined. In fact on this cylinder 
cp is the 2-step cylindrical function given by 

y^\c[3i]o = log(l-e'^) , (p\ci32]o = log(l-eP) , and (p\c[33]o = log(l-eP-e'') . 
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Hence n is the Markov measure defined by the stochastic matrix 

/ e"? 1 
P = I eP 1 

\eP e« 1 - 

This matrix has the stationary strictly positive left eigenvector {pi,P2, Ps) 
given by 

{Pi,P2,P3) = ( , ? „ ) 1 ? . ^ 1~ 



1 + eP l + ei 1 + eP 1 + e? . 

Therefore, ;u(C[i]o) = Pi for i = 1,2, 3, which implies that 

, , / eP \ f el \ 2 + eP + ei 

h/^djj, = 1 — 



l + ePj \ l + eij (l + eP)(l + 6") ■ 

Now we compare the above expression with 

e^<-. / ,M. + ei'-. / ,. ., ^ ei.". ,1 - p,) + e^.«. (1 - pO 

el(9-p) e^(p-<i) e^ii-p) (i _^ gP) _^ e5(p-9) (]_ _^ gS) 

~ 1 + e" 1 + eP ~ (1 + eP) (1 + e?) 

The two expressions coincide if and only if 

2 + eP + e'' = e^(«-P) (1 + e^) + e^^^-^) (1 + e") . 

Introducing a = e^^'^~P' we see that 

2 + eP + a^eP = a (1 + e^) + a'^ (1 + a" e^) , 

which is equivalent to 

a {a'^ - 2a + 1) eP = a^ - 2a + 1 . 

Since aeP = e^^P^'^' = e^^ < 1, the above equality holds if and only if 
a = 1 (i.e. if j9 = g). Therefore, whenever p ^ q, we have 

Hence, e "^■^■^/i(A„) does not converge as n ^ oo when p ^ q. 
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